e content for students of patliputra university

B. Sc. (Honrs) Part 2paper 3
Subject:Mathematics

Title/Heading of topic:Tests for convergence of
infinite series (Raabe's test, logarithmic test,
Integral test)

By Dr. Hari kant singh

Associate professor in mathematics

Rrs college mokama patna



.. Raabe’s Test

Let Y-, u,be a positive term series such that

u
limn( AP 1) =y
n—oo u

n+1

Then (i) Y5, uconverges if 1> 1
(ii) Yo, u, diverges if [ < 1
(iii) Test fails if [ = 1
¥Example  Test the convergence of the following series:

d 3
Fo(()1+ T+ 225 4 (x> 0)
7 7.10 7.10.13

w2 24 246 2468
()= +=+—=—+
3 3.5 3.5.7 3.5.7.9

: ; 2.4.6..2n 2.4.6..2n(2n+2
Solution:(i) Here u,, = ———— = u, 4,1 = ( )
1.3.5..(2n+1) 1.3.5...(2n+1)(2n+3)

L u 2n+2
Then lim =2 = lim
n—co Up n—oo 2n+3

=1

Hence Ratio test fails.

Now applying Raabe’s test, we have

Limn( = 1) = limn (2n+3 - 1)

n—o Upn+1 n—oo 2n+2

P n 1
= lim ( ) = =<1
n—co \2n+1 2
Hence by Raabe’s test , the given series diverges.

3.6.9..3n &

ii) Ignoring the first term,u,, = ———
() Ig & m 71013..(3n+4)

3.6.9..3n(3n+3) _—
7.10.13...(3n+4)(3n+7)

= Up+1 =

Iin+3

o u =
Then lim =2 = lim
n—-o Upn n—oo 3n+7

X=X



Hence by Ratio test , the given series converges if x < 1 and diverges
ifx>1

Test fails if x=1

Un an+7

When x= 1,

Unsy  3n+3

= limn( L - 1) = limn(3n+;— 1)

n—oo Un+1

4in
n—oo 3n+3 3

Hence by Raabe’s test, the given series converges if x = 1
~ the given series converges if x <1 and diverges if x > 1.
. Logarithmic Test

Let Yo, upbe a positive term series such that

; u
limn—— =1
n—oo u‘l‘H-l

Then (i) Y5~ u,converges if [> 1
(i) Xor=q u, diverges if [ < 1

Example: Test the convergence of the series
23x2  33x3  gixt
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Solution: Here u,, = = Unpy = e i s
n! (n+1)!
Then lim 2241 = Jjp SED22%
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n—ow n"

= lim (1+i)nx =e.Xx

n-=00



: : : . ; 1
Hence by Ratio test , the given series converges if ex < 1i.e.x < =

and diverges ifex > 1i.e.x > i

Lo , 1
Test fails if ex=1i.e.x = "

Since u:“ involves e - applying logarithmic test.
n
U, 1
fone n
Un41 (1 .|.l) x
n

1

sforx=- , 2 =—e¢. —
e Un4a (1+—)

n

Un 1 1
log(u )=£oge-£og(1 +E) = l-nlog(l +H)

n+1

1 1 1
S1-n(G- 4 +)

n Zn in
.
T 2n 3n?

- ]imnlog( ""): limn(i—L +---):;<l

n=—00 Un41 n—o00 2n 3n2

~ By logarithmic test, the series diverges for x = i ;

i : 1 . 1
Hence the given series converges for x < = and diverges for x = =

.Cauchy’s Integral Test

If u(x) is non-negative , integrable and monotonically decreasing
function such thatu(n)=u,, , then if j'lm u(x) d(x) converges then the

series )., U,also converges.



Examplew Test the convergence of the following series

(')E"‘l 2+1 (i) z n(lagn)
Solution:(i) Here u, = ——.
1
Let u(x) = ==

Clearly u(x) is non-negative , integrable and monotonically decreasing
function.

Consider flwﬁ d(x) = [tan™'x]7
= tan~loo — tan~11
~ Z_Z = Z which is finite.
2 4 &4

Hence f S0 (x) converges so Y- =17

1
n(logn)

(ii) Here u,, =

Let H(X) = J:(Tgx)

Clearly u(x) is non-negative , integrable and monotonically decreasing
function.

= log(loge=) — log (log2) =

Hence Y- diverges.
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